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ABSTRACT

An introduction to Z Transform is the topic of thpaper. It deals with a review of what Z Transfamaans and
what does the specific region of convergence reptes\ pictorial representation of the region oficergence has been
sketched. Most of the important Z Transform praperhave been mentioned with detailed proofs. pajger also insights
the Inverse Z Transform and provides multiple metht find the same. The use of Z Transform isolovert a simple or
a complicated sequence in to a corresponding freyudomain equivalent. A brief description of tlaame has also been

given.
KEYWORDS: Z Transform, Inverse Z Transform, Convolution, Regof Convergence
1. INTRODUCTION

This paper deals with the general introduction fwatwvZ Transform is and what is it used for. Mathtcah
studies have got a number of transform such atdbéce Transform, the Fourier Transform, etc. Both Laplace and
Fourier Transforms are continuous functions anchoabe used to study discrete systems. There iayatevconvert the
continuous Fourier Transform into its discrete gglént by finding the Discrete Fourier TransformFID but Fourier
Transform itself cannot be used to study discrgstesns since it is continuous. Linear systems ifckvkthe input signals
are in the form of discrete pulses are called asedr Time Variants’. For the analysis of such eyst, we need Z

Transform. The Z Transform will convert a sequeimte a corresponding frequency domain equivalent.
2. SEQUENCES

Z transform is always defined for a specific sequenf ‘n’ items are arranged according to a certaie, then
this arrangement will be known as a sequence. Tihugeneral, an ordered set of real or complex ramls called a

sequence.

In this paper, a general sequence will be repreddny {f(k)} with k being its index and f(k) beirtpe k" term.

3. Z TRANSFORM
3.1 Definition
Let {f(k)} = {...f(-2), f(-1), f(0), f(2), f(2)...} be the sequence of terms with index k varying fefaz to &2.

Letz = x + iv be any complex number. The Z Transform of the seqge {f(k)} is defined as,

Z{F(k)} = - F(=2)22 + F(—1)z  + F0)z2 + F(1)z 1 + F(2)z2 + -

= i flz*

k=—uoao

This is what represents the Z Transform of the saqge. Thus,
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Z{FUD) = Z FOOzE (1)

k=—o=

4. REGION OF CONVERGENCE
Every Z Transform is defined over a region. Thigioa is known as the region of convergence. Condide

following cases of region of convergence is

i |z] <
Since z is any complex number+ iy, |z| = x4+ 2
Now if |z|] < a, then, JiEFTyE <a

~x? 4yt <a?
The equatior:? +y2 = a? is the equation of a standard circle. Thes+ 2 < a® will represent the region

inside the circle of radius a.

Figure 1: |z| <a

. |z| = a
Since z is any complex numbzer+ iy, |z] = ./x% + 2
Now if |z| = a, then, Vei+y?=a

~x2 4yt =a?
The equatiors? + y2 = a? is the equation of a standard circle. Thad+ w2 = a? will represent the region

outside the circle of radius a.

Figure 2: |z| > a

5. PROPERTIES OF Z TRANSFORM
5.1 Linearity Property

If p and g are constants and f(k) and g(k) aresaguences which can be added, then,
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Zlp fl) +q gl =p Z[FD] +q Z[g()] .. (7)

Proof: By definition,

Zlp f0) +a g = ) [p £ +q g()] =7

k=—ae

= Z [p flk) z7* + q g(k) z7%]

k=—ma

=p i flz ™% +gq i glk)z™*

k=—ma k=—noo

=p Z[f (k)] + q Z[g (k)]

This means that the Z transform of the additiodifference of two sequences is the addition oredéffice of the

Z Transform of the two sequences itself. This hotde even when the sequence is multiplied by bamd linear constant.

5.2 Change of Scale

Multiplication or division of a variable is knowrs acaling. fZ[f (k)] is F(z), therZ[ a® f(k)] = F (HE) and if
region of convergence @&[f(k)] isR1<|z| <R2 then, region of convergence Z[a*f(k)]
is|a| B1 < |z| < |a| R2.

Proof: By definition,

F@= ) fioz*

k=—oc

Replacing z by z/a,

FO)= Y ro@”

= Z a¥ fFlll=z"k

E=—ae

=Z[a*flk) ] . (3)
If region of convergence G@[f(k)] isR1< |z| < R2 then, region of convergence B[ a* (k)]

isR1 =

Z
@

<2 R2i.e, the region of convergence will eventually be,|a| R1 < |z| < |a| R2

5.3 Shifting Theorem

The additon or subtracton of a variable is knowas shifting. IfZ[f{k)] = F(z), then,
andZ[f(k —n)] = =z ™F(z)

Proof: By definition,
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ZIF ()] = F2) = Z Fl)z—F

K=—oDo

= Z[f ke +m)] = Z flk +n)z—%

k= ==

==}

= Z flk +n)z=ktml zn

k=—ma

oo

= zn Z f(k-i—?‘ljz_l:k'l'”:

k= —oe

Now let k + n = m. Thus, if kss, then m=zo.

= Z[Flec +n)] = z» Z Flm)z—™ = z7F(z)  ...(4.1)

M= —oo

Also

o Z[F0e —n)] = =7 Z Flm)z—m = z=nF(z)  ..(1.2)

m=—oc

5.4 Miultiplication by k

If Z[f(k)] = F(=z), then,

2l f(] = —= - (2)

Proof: By definition,

Zlk £ = Z k Fli)z*

k=—uw

==

= Z kf(k)z7*1z

k=—ma

oo

=—z Z —k flk)z7*1

k=—uw

- d
==z ) FO—(z)

k=—mao
d o3
—_ -k
dekj_ flk)z

2k FO)] = —ng(z}

Karan Asher
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Thus, in general,

20l = [ 2 F@D  .6)

-

It should also be noted th[}t—zdi] + z2
z.

2 . . . . d
: -, but is actually a repetitive application of thmeoatox[—z;],
Z

6. CONVOLUTIONS

If f(k) and g(k) are two sequences, then their admtion f(k) * g(k) is defined as,
h(k) = (k) + g (k)

Where,

==}

i) = ) fOmgle—m)

m=—ce

==}

= ) gmfte—m  .(7)

= flk) = glk)

Theorem

If h(K) is the convolution of two sequences f(kplag(k), then,
Z[r(W)] = Z[f(R)] Z[g (k)]
ie. Hz) =F(2)6(&)  ..(8)
Proof
By definition,

H(z) = Z[h(k)]

= Z[f (k) * glk)]
=7 Z flm)g(k — m}]
— Z [ Flm)g(k —m}] zk

Since the power series converges absolutely, iverges uniformly also and hence we can change riter of

summation.
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~Hiz) = S N flm)g(ke —m)|z"*
2 |2 s

m=—oc Li=—oe
= i [i f(m}ea'(k—m}]z—“m‘m
m=—os Lk=—o
= mZm flm)z—™ ,{:Z_mg(k — m)z =)
= i flm)z—m i glp)z™  wherek—-m=1p
m=—oa p=—o

wHiz) = Fiz)G(z)

7. INVERSE Z TRANSFORM
The idea behind Inverse Z Transform is exactly rev®f that of the Z Transform. In such caseszZti@ansform
is already known and the original sequence canliaireed using the Inverse Z Transform. Z Transfommsch are

rational functions of z i.e. of the form &f(z) = % with P(z) and Q(z) as algebraic polynomials inre & be

considered in the discussion further. It shouldhbeed that to find the Inverse Z Transform, it ecessary to know the

region of convergence.
8. METHODS TO FIND INVERE Z TRANSFORM
The following methods can be employed to find theekse Z Transform of a function in z.

8.1 Direct Division

In this method, the numerator is divided by theateimator and a power series is obtained (£} = %, P(2)

is actually divided by Q(z). This method is notyefficient since it is a lengthy procedure andae demands a person
to express the division in the form of an existomyver series which is cumbersome and complex afutietion gets more

and more complicated.
8.2 Binomial Expansion

This method of finding the Inverse Z Transformetatively advanced. To apply this method, a suidattor is
to be taken in common from the denominator dependpon the region of convergence so that the damatoni is of the

form 1 — r where |r|<1 and then, binomial theoreithbe used.

This method can be better explained by an example.

1 . . . . . .
Let F(z) = — with region of convergence as |z| < |a|. As erpliiearlier, the denominator will be expressed
Z—a

as 1 — r where |r|[<1. Now as the denominator isvittathe region of convergence as |z| < |a],

1

F(z) =
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-5

Thus, F(z) has now been modified to a situationredneit is possible to apply the method of binon@abpansion

-1

and by using the definition of Z Transform, it witlen be possible to get back the original sequence

Using the method of binomial expansion,
1 =z z¢

F(z)=— [—+—ﬂ +—+ ]
rs a“ a

o

_ Z gkl —k

k=—c
Z7HF(z)]l=—a*1t , k=0

8.3 Using Partial Fractions

Pzl

Q=]

If F(z) can be factorized into partial fractionsibénear, quadratic or repeatefl{z) = is then expressed as

the sum of such factors. The constants of pargation are to be found and then the method ofrhiabexpansion can be
applied to find the individual Z Transform of therms. It should be noted that if the degree ofrtheerator is greater
than or equal to the degree of the denominatorfuthetion F(z) is first divided by z and this isntmued until the time the

degree of the numerator polynomial is lesser thardegree of the denominator polynomial.

As long as there is a linear or at least a ternchvican be factorised in the denominator, it is emignt enough
to express it as the sum of factors using the gddriiction method described above. But is theistgsay a quadratic term

in the denominator which cannot be factorised latla following method can be used.

Mz? 4+ Nz
Let Flz)=—/——
zt+pz+gq
zZ — czcosa
Zlc*cosak] =

72 _Jrzrosa 4+ ¢t

cIsing
z? —2czcosa+c?

and Zlc*sinak] =

Mz? and Nz can be expressed as,

Mz? =M[z?— czcosa] + MCzcosa

Nezsina
and Nz = ——
G 511 @
McoczcosatN .
MzZ%+ Nz M{=z? — czcosa) T o rinma | CZSna 9)
z2+pz+qg =— 2czcosa+c®  z? —2czcosa + 67
Where,p = —2ccosa andg = ¢ Thus,

P =cosa
2
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7
~Sl—l=1
|2-:
Thus, if|f—c| < 1, equation (9) can be used.

2
Ic

If

<. 1, the sine and cosine functions in the above egeswill now be converted to corresponding

hyperbolic functions.

Mezcosha+N

Mz?+ Nz = M(z*—czcosha) —___— cZsinha (10)
z2+pz+q z'—2czcosha+c? z?—2czcosha+c? 7

9. APPLICATIONS OF Z TRANSFORM

Z transform is put to very effective use in almesery field of Applied Sciences and Technology. Tneatest
advantage of Z transform is that it helps convesiplex sequences into their corresponding frequethasain
equivalents. The Z transform is a very effectiveltm the detailed analysis discrete time sign#tlds also used to

determine the frequency response of these distnegesignals.
10. CONCLUSIONS

This paper thus consisted of a brief overview ohtvA Transform mean and what their regions of coysece
represent. Major properties of Z Transform were tio@ed along with detailed proofs of the same. ZnBform is very
important due to its distinct property of beingeld analyse discrete signals whereas Fourier ficansand Lalplace
Transform, both being continuous. It goes withoayilsg that almost every branch under signal anslgsies make

effective use of Z Transform.
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